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In this paper the authors prove a generalization of certain generating func- 
tions for Jacobi and related polynomials, given recently by H. M. Srivastava. 
The method used is due to Pblya and Szega, and it is based on Rodrigues’ 
formula for the Jacobi polynomials and Lagrange’s expansion theorem. A 
number of special and limiting cases of the main result will give rise to a class 
of generating functions for ultraspherical, Laguerre and Bessel polynomials. 
1. INTRODUCTION 
For the Jacobi polynomials defined by [7, p. 681 
(1) 
Srivastava [6] has proved the generating functions1 [6, p. 5931 
f ptyz.B-(b+lhd (x) tn = (1 + zoy (1 - bw)-l (1 + g-,: 
n=0 
(2) 
and [6, p. 5941 
f p$+bn.d-(b+l)n) (x) tn = (1 + c)“+l(l - b{)-l [I - 3(x - 1) 5]-“-B-1, (3) 
TZ=O 
* Notices Amer. Math. Sot. 18 (1971), p. 555, Abstract 71T-B83. This work was 
supported in part by the National Research Council of Canada under Grant A7353. 
1 Notice that a misprint in formula (16), p. 593 of Srivastava [6] has been corrected 
here. 
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where b, 01, /3 are arbitrary complex numbers, w is a function of x and t 
defined by 
w = $( 1 - x) t(1 + W)b+l, w(x, 0) = 0; (4) 
and 5 is a function of t given by 
5 = t(l + cc)“+‘, 5(O) = 0. (5) 
It may be of interest to recall that formulas (2) and (3) incorporate, as 
their particular cases, a large number of generating functions for the Jacobi 
polynomials considered, for instance, by Brown [l], Calvez and G&in [2], 
Feldheim [4], and others. The object of the present note is to prove an elegant 
generalization of (2) and (3) in the forma 
f p$-An*&ud (x) t” = (I + zq”(l + V)+ [l + (1 - h) u + (1 - /L)V]-1, 
n=O 
(6) 
where 01, /?, h, p are unrestricted, in general, and u, v are functions of x and t 
defined by 
I 
u=-&X+l)t(l+u)“(l+V)L”-1, 
v = - $(x - 1) t (1 + u)A-1 (1 + v)‘“. 
(7) 
Alternatively, by letting u = - E/(1 + [) and v = - ?/(l -t v), both (6) 
and (7) may be written in the symmetrical form: 
If 
p~-hn.13-un)(X)tn 
T&=0 
= (1 + v+l(l + g+l [I + A5 + P7 - (1 - h - CL) 571-l, (8) 
where f, 7 are functions of x and t defined by 
I 
5 = g(x + 1) t (1 + tyA (1 + 7yu, 
7 = &(x - 1) t (1 + ()‘-A (1 + 7)1-u. 
(9) 
In proving the generating function (6) we shall make use of the Rodrigues 
formula [7, p. 671 
pc%8’(x) = lx - 1P” (x + 1)Y D;{(x _ l)n+a (x + l)n+B) 
R 2%! DZ=$, 
2 In a subsequent work [H. M. Srivastava and J. P. Singhal, A unified presentation 
of certain classical polynomials, Math. Comp. 26 (1972), 969-9761, these authors have 
shown, among other things, that the method of proof of formula (6) can be extended 
to derive generating functions for a certain class of polynomials defined by a general 
Rodrigues’ formula. 
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and Lagrange’s expansion theorem (cf., e.g., [8, p. 1331) 
where 
Y = x + MY). (12) 
For the sake of historical accuracy we should like to point out that our 
method of proof of formula (6) is essentially the same as the one used, several 
years ago, by Polya and Szegij ([5], pp. 127, 303, Problem 219; see also [7], 
p. 71) in deriving the familiar generating function [7, p. 691 
f P>*“)(x) tn = T+$-r(l - t + p)-” (1 + t + p)-8, 
n=o 
p = (1 - 2xt + ty; (13) 
which evidently follows from (6) or (8) when A = p = 0. Note also that in a 
recent paper [2], Calvez and G&tin applied this method to obtain a generating 
function for the Bessel polynomials, and suggested that generating functions 
like (6) or (8) can be obtained, in this manner, for certain special numerical 
values of h and CL. However, all but one of the Jacobi polynomial cases, stated 
at the end of the Calvez-GCnin paper, were already covered by the generating 
functions (2) and (3). 
2. PROOF OF THE GENERATING FUNCTION (6) 
By applying Rodrigues’ formula (lo), we have 
(a 
iopn- 
An*6-un)(X) {2t/[(x - l)A (X + l)“]> 
(14) 
= (x - I)-” (x + 1)-B f (P/n!) DE{(X - l)n+=-dn (X + l)n+s-un}, 
lz=0 
and on interpreting this last expression by means of the Lagrange expansion 
(ll), we find that 
f p~-An.a-un)(x) p 
?%=O (15) 
KY - 1)/(x - l>l” MY + 1)/(x + 1>18 
= 1 - &(l - A) t(x + 1) [(X - l)/(y - I)]” [(x + l>/(Y + 1w-’ ’ 
I - &(l - CL) t(x - 1) [(x - l)/(Y - l)l^-’ [(x + l>/(Y + l)I” 1 
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where 
y = x + $(X2 - 1) [(X - l)/(y - I)]^-’ [(x + l)/(y + l)Y. (16) 
If we put 
(x - l)/(y - I) = 1 + u, (x + l)l(Y + 1) = 1 + v, (17) 
then (15) and (16) will at once yield our generating relation (6) with u and ZI 
defined by (7). 
3. PARTICULAR CASES 
First of all it is easy to verify that the generating relation (6) reduces to 
Srivastava’s formula (2) when h = 1 and p = b + 1, and to his formula (3) 
whenh=-bandp=b+l. 
Next we consider the Gegenbauer (or ultraspherical) polynomials defined 
by [7, P. 811 
P$) = [(2v),/(v + &J P~-1’*~v--1’2)(x) = CL (x), v>-4, (18) 
and as a special case of formula (8) when u = /3 = v - $ and X = P, we 
obtain the generating function 
z. (2v - 2X4, n 
O3 b - An + B), pc”-An,(,) fl 
= Kl + 0 (1 + 711 “+1’2 [l + 45 + 7) - (1 - 2h) [7]-‘, (19) 
where 8 and 7 are given by (9) with X = p. 
Finally, we remark that since the Bessel polynomials and the Laguerre 
polynomials are only limiting forms of the Jacobi polynomials, generating 
functions for these related polynomial systems can be deduced fairly easily 
from our general formula (8). Thus, by a simple analysis, we shall be led to 
the known generating functions of Calvez and GCnin [2, p. 654, (22)], and of 
Carlitz [3, p. 826, (S)]. 
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